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A Study on the Effective Hydraulic Conductivity of
an Anisotropic Porous Medium
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Associate Professor, Dept. of Mechanical Engineering Dong Guk University,
Seoul 100-715, Korea

Effective hydraulic conductivity of a statistically anisotropic heterogeneous medium is
obtained for steady two-dimensional flows employing stochastic analysis. Flow equations are
solved up to second order and the effective conductivity is obtained in a semi-analytic form
depending only on the spatial correlation function and the anisotropy ratio of the hydraulic
conductivity field, hence becoming a true intrinsic property independent of the flow field.
Results are obtained using a statistically anisotropic Gaussian correlation function where the
anisotropy is defined as the ratio of integral scales normal and parallel to the mean flow
direction. Second order results indicate that the effective conductivity of an anisotropic medium
is greater than that of an isotropic one when the anisotropy ratio is less than one and vice versa.
It is also found that the effective conductivity has upper and lower bounds of the arithmetic and
the harmonic mean conductivities.
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Nomenclature

Cy . Covariance function of Y

H . Hydraulic head

Iy: . Integral scale of Y in 7-direction
J . Mean head gradient

K . Hydraulic conductivity

Kess . Effective hydraulic conductivity
my . Expected value of Y

7n . Porosity

q . Specific discharge

Y=In K : Log-conductivity

A=1Iyz/Iy1 | Anisotropy ratio

Oy . Correlation function of Y
oy’ . Variance of Y

<D . Expected value operator

. Fourier transform
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1. Introduction

It is now generally accepted that hydroge-
ologic properties such as hydraulic conductivity
of aquifers are highly heterogeneous, i.e., they
vary significantly over a wide range of spatial
scales, and hence flow and transport by ground-
water are governed by this large-scale spatial
heterogeneity of natural formations (Dagan, 1989;
Gelhar, 1993). It is practically impossible to map
the exact spatial distribution of the hydraulic
conductivity field because this would require an
enormous amount of data acquisition through
such methods as drilling and well tests entailing
in alteration of the aquifer properties. It is this
highly heterogeneous nature that led to the appli-
cation of stochastic approach in groundwater
flow and solute transport analysis (Dagan, 1987).
However, in many applications where knowledge
of an average response is sufficient for manage-
ment and decision making such as in conta-
minated soil remediation (Joo et al., 1998), this
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costly effort is unnecessary.

The average response of flow in aquifers can
be characterized by the effective hydraulic con-
ductivity, K.rr. To qualify as an effective property
with general applicability, Ke.ss must be an in-
trinsic property, i.e., it should be a function of
the hydraulic properties of the aquifer itself and
not of the hydraulic head gradient. The effective
conductivity provides primary statistical informa-
tion and in cases where the flux is stationary, the
average discharge can be used to estimate the
space average of the flux. Computation of the
effective hydraulic conductivity in heterogenous
media requires knowledge of the statistical mo-
ments of the hydraulic conductivity and its spatial
covariances.

In many cases porous media such as sedi-
mentary rocks, soils and manufactured material
such as catalysts are anisotropic in their resis-
tance to the flow of fluids and solutes. The
anisotropy stems from the process by which the
porous medium is formed. For example, sedimen-
tation process in the case of sedimentary rocks
or soils and extrusion or pelleting process in the
case of catalyst pellets (Friedman and Seaton,
1996). Flow and transport through anisotropic
porous media have many engineering applica-
tions in such fields as subsurface hydrology,
petroleum engineering and chemical engineering.
The purpose of this study is to derive an effective
hydraulic conductivity of an anisotropic heter-
ogeneous porous medium using the method of
small perturbations in the framework of stoc-
hastic analysis.

2. Mathematical Statement of the
Problem

We consider a case of steady, two~dimensional
flow in the horizontal saturated porous formation
without recharge. Our starting point is the mass
conservation equation without source or sink
terms expressed as the following ;

V-q(x)=0 (D
and the Darcy’s law ;

a(x)=—K(x)VH(x) (2)

where q is the specific discharge, K is the
hydraulic conductivity, H is the hydraulic head
and x=ux; is the Cartesian coordinate. The spec-
ific discharge is related to the flow velocity
through the following ;

U (x) =2 3
where # is the porosity of the medium. Here and
subsequently, boldface letters denote vectors.

Natural formations are highly heterogeneous
and it is common to model the hydraulic con-
ductivity and its natural logarithm Y =In K as
a spatial random function (SRF) in order to
account for their irregular spatial variations and
for the uncertainty of their distribution. Follow-
ing numerous findings from field studies (e.g.,
Freeze, 1975; Hoeksema and Kitanidis, 1984),
the hydraulic log-conductivity Y is treated as a
normal SRF and is modeled as the sum of its
expected value, my, and a small scale local fluc-
tuation Y (x);

Yx) =Y (x)>+Y (x)=my+ Y (x) (4

and for simplicity it is assumed to be stationary,
i.e., of a constant my.

Hence the log-conductivity is characterized by
its mean my (angled brackets denote expected-
value operator) and the spatial covariance func-
tion,

Cr(x, ) =<Y"(x) Y (¥)>=Cxr(r)
=0y or(r)

where r=x—y is the separation vector, 0% is the

(5)

variance of Y and py is its correlation function.
Under the assumption of stationarity my and ¢%
are constants while py is a function of the sepa-
ration vector. The effects of porosity variations
have been found to be secondary compared to
those of hydraulic conductivity variations (Nalff,
1978) and therefore is treated as a constant in this
analysis. Combining Eqgs. (1) ~ (4) leads to the
following equation for the flow field ;

VH (x)=—VY (x)-VH(x) (6)

which is a stochastic partial differential equation
due to the randomness of Y’ (x).
The problem is to solve Eq. (6) for H (x) with
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different structures of Y’(x). Equation (6)
depends on the standard deviation of the log
-conductivity oy and tends to a deterministic
solution as gy — 0, since the geologic formation
becomes limit. The
hydraulic head field H (x) is expanded in series
up to order oy as the following ;

x) [1]+H (x)[ov]
[0‘}'2] + O[O’Yﬂ

homogeneous at this

H(x)=H

+H2 )

where the term in brackets represents the order of
magnitude and the solution to Eq. (6) is sought
using the method of small perturbations. We seek
here the solution up to order o%.

Substitution of Eq. (7) into Eq. (6) leads to the
following sequence of equations stated in the
ascending order of magnitude up to O[o4*].

O[1]  VEHy(x) =0 (8a)
Oloy] . VPH (x)=—VY'(x) Hy(x) (8b)
Olo}] VPHx(x)=—VY'(x)-Hi(x) (8)

For the boundary condition we take the head
gradient at some point in the flow domain given

as ;
KVH() >=—T=—(]1, 0) (9)

where for convenience the coordinate axis x; is
aligned in the direction of the mean flow. In this
study we assume the flow domain to be unbo-
unded. Although actual aquifers are obviously
bounded, our analysis and solution based on
the assumption of infinite domain are applicable
to situations of finite domain as long as the
domains under consideration are sufficiently re-
moved from the boundaries (Rubin and Dagan,
1988).
field in heterogeneous formations up to order 0%,
Egs. (8a) ~ (8¢) and (9) constitute the entire set
of equations that need to be solved. Our model
can be summed up as an unbounded horizontal

When we limit our solution of the flow

plane of saturated porous formation and we seek
a steady, first-order solution in the variance of
Y under the assumption of stationary and aniso-
tropic conductivity field in the framework of
stochastic analysis using the method of small
perturbations

3. Solution Using the Method
of Perturbations

3.1 Flow field solution and effective
conductivity
Taking the expected value of the order one
hydraulic head equation (Eq. (8a)) with boun-
dary condition of Eq. (9) leads to the following ;

(Holx))=—J (10)
and subsequently the first order equation for H,

becomes

V2H, =], %f; (1)

with the solution given by

Y/
]fox yag(l)dy (12)

where G is the Green’s function for the Laplace
equation and integration is performed over the
entire flow domain. The second order equation
for H, is solved and after much tedious calcula-
tion its mean is found to be identically zero, i.e.,
(Hy(x)>=0.

Having solved the flow problem in terms of the
hydraulic head, the mean velocity up to second
order is obtained from a SRF for the velocity
using Egs. (2) and (3) as ;

== (i + 3 (VD .
13
+(Y'VHY+3< YV H )

and when Egs. (10), (12) and {H:(x)>=0 are
substituted into Eq. (13), second order approxi-
mation of the mean velocity is obtained as the
following employing the Fourier transform (FT)
technique ;

Wep=2{1+a(1=n)ln (10

with 7 given by

n= z;r/ o ( (15)

where dy (k) represents the FT of py(r) and k
is the wave number vector with A°=4!+ ¢ and
dk=dkidk,. Now Eq. (14) can be rearranged to
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read as ;
W)= Kers), (16)

which becomes the defining expression for the
effective conductivity K,z and for our problem
can be expressed as the following ;

Keffze’""{ |+02y<%—77>} (17)

with 7 expressed as Eq. (15).

3.2 Anisotropic structure of hydraulic
conductivity

The hydraulic conductivity of isotropic aqui-
fers are represented by isotropic correlation
functions which depend on the distance »=| r |
only and their FT depends on the wave number
E=| k| (Freeze, 1975). However, due mainly to
stratification, aquifers may display anisotropy
and in line with Gelhar and Axness (1983) we
assume that the anisotropy of the hydraulic con-
ductivity is manifested in the scaling of the log-
conductivity correlation function. Thus an aniso-
tropic correlation function can be reduced to an
isotropic one by rescaling the space coordinates
as following ;

ri=n/Irn A=In/In (18)

where [y and Iy, are the log-conductivity inte-
gral scales in the 7, and »; directions respectively
and their ratio Ais defined as the anisotropy ratio.

7’1’:7/1/])'1

For example, A=1 represents a statistically iso-
tropic heterogeneous porous medium.

In this study we adopt an anisotropic Gaussian
correlation function which in physical space coor-
dinates is expressed as the following ;

— _ T2y,
py(r)—exp( e > ; (19)
7"2:(7’1/1}'1)2‘*‘(7’2/1)’2)2
and its FT becomes
(SY(k):IYIIYZ.aY(k’)

2 I 2 (20)
=[Y1[W?CXD[_;{(/€1]Y1)“+(szyz)z}]
where %" is the dimensionless wave number,
{ (kL ly)) 2+ (koly2)? }V. This expression is used in
Eqs. (15) and (17) for the evaluation of the

effective hydraulic conductivity.

4. Results and Conclusions

Using the method of small perturbations in the
stochastic analysis we obtained a semi-analytic
expression for the effective hydraulic conductivity
of a statistically anisotropic heterogeneous porous
medium. The effective conductivity is an intrinsic
function independent of the flow field and de-
pends only on the statistical spatial distribution
characteristics. In this study an anisotropic Gaus-
sian correlation function was used.

4.1 Effective hydraulic conductivity

The dependence of the function (7) defined in
Eq. (15), on the anisotropy ratio (A) is presented
in Fig. 1. The result is obtained by numerical
integration of Eq. (15) with FT of an anisotropic
Gaussian correlation function. The function 7 is
0.5 at A=1, which corresponds to the isotropic
heterogeneous porous medium and hence the
effective conductivity reduces to Ker=e™, the
geometric mean of K (Ks=exp [(Y (x)>]=e™)
(Dagan, 1989). It can also be seen that 7 is less
than 0.5 when A< 1.0 and greater than 0.5 when
A=1.0 with limits of zero as A— 0 and 1.0 as
A— co. From these characteristics of 7 and the

1-0 T T T T T T T
L N{A—2)=1.0
0.8+
0.6}
=
n({ri=1.0)=05
04
0.2}
00032373586 7 8910
A
Fig. 1 Variation of 7 (Eq. (15)) as a function of

anisotropy ratio A
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Fig. 2 Ratio K./ Ks as a function of anisotropy ratio A

defining expression of the effective conductivity
(Eq. (17)), we see that K. approaches the
arithmetic mean as A — 0 ;

1}_1:1’01 Ko i=Ke(1+0v/2) =K, (21)

and the harmonic mean as A— ©o,

%12;1 Keyr=Kc(1—0%/2) =Ky (22)

Thus we can conclude that the limiting be-
haviors of the effective conductivity for an
anisotropic medium are similar to those of a
stratified formation. It has been shown by Da-
gan (1989) that for an isotropic bedding, the
effective conductivity has the limits of arithmetic
mean when the flow is parallel to bedding and
harmonic mean when the flow is normal to
bedding.

Figure 2 depicts the ratio of the effective
conductivity Kesr to the geometric mean, K
(effective conductivity of an isotropic medium),
as a function of the anisotropy ratio for several
log-conductivity variance values. In Fig. 2(a) are
presented the ratio for variances less than one and
in Fig. 2(b) for variances greater than one. Here
we can verify that the effective conductivity of an
anisotropic medium reduces to the geometric
mean of an isotropic one when A=1. Also, K.y is
found to be greater than K¢ for A<1 and less than

K¢ for A=1 as predicted from Fig. | and devia-
tion from the geometric mean is found to be
greater as the variance increases and as the
anisotropy becomes more severe, i. ., the more A
deviates from isotropic case of one.

In Fig. 3 are presented the ratio K. /K; as
function of the variance for several values of the
anisotropy ratio. It is clear that K,z has an upper
bound of arithmetic mean as A — 0, correspond-
ing to a perfectly layered formation parallel to the
mean flow and a lower bound of harmonic mean
as A— oo, corresponding to a perfectly layered
formation normal to mean flow. This result is in
agreement with the general theory which states
that the arithmetic mean and the geometric mean
are the best upper and lower bounds respectively
for an anisotropic medium (Dagan, 1989). The
approximate solution for K., based on a pe-
rturbation method where we assume small stand-
ard deviation ¢y as employed in our study, can
be applied up to 0% =2. Beyond a variance of
two it predicts a physically impossible negative
hydraulic conductivity in the limit A — co. There
are many evidences which suggest that the results
of small variance of log-conductivity pertur-
bation analysis can be applied to situations where
the variances are not so small (e.g., Salandin and
Rinaldo, 1990; Deng and Cushman, 1998).
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Fig. 3 Ratio K./ K¢ as a function of variance ¢%.
Also shown are limiting cases of Ksas A— 0

and Ky as A— o0

4.2 Conclusions

In this study an effective hydraulic conductivity
of a statistically anisotropic heterogeneous me-
dium is obtained for steady, two-dimensional
flow through stochastic analysis using a pe-
rturbation method up to second order under the
assumption of small log-conductivity variance.
The effective conductivity is found as a semi-
analytic form depending only on the anisotropy
ratio, defined as the ratio of two integral scales,
and the variance of the log-conductivity, both of
which are hydrogeologic properties of the me-
dium, making the effective conductivity a true
intrinsic property.

Results with anisotropic Gaussian correlation
function, where the anisotropy is manifested in
different directional integral scales, are obtained
by numerical integration. Second order solutions
indicate that the effective conductivity of an
anisotropic medium has upper and lower bounds
of arithmetic and harmonic mean conductivities
and may be applied for variances of less than two
and the effective hydraulic conductivity results
reduce to the classical case of an isotropic heter-
ogeneity when the anisotropic ratio is one.

Effective hydraulic conductivity results obtain-
ed in this study can be used in estimating the

representative block hydraulic conductivities of
anisotropic media in numerical studies of groun-
dwater flow and solute transport. Effective hy-
draulic conductivity characteristics can also be
used in the inverse sense, in that measurements of
bulk hydraulic properties may tell us something
about the smaller scale heterogeneity. For exam-
ple, anisotropy determined from aquifer tests can
be used in conjunction with results such as that
shown in Fig. 2 to estimate the ratio of the
correlation scales.

The assumption of ergodicity is implicit in the
stochastic approach used in this study. We are
assuming that flows in an ensemble of aquifers
with the assigned statistical properties approxi-
mate the real field situation, which involves flow
in a single heterogeneous anisotropic aquifer.
This assumption will be reasonable only if the
scale of the flow system is large compared with
the correlation scale of the aquifer (Lumley and
Panofsky, 1964) . Therefore the effective hydraulic
conductivity developed above is meaningful only
when the overall scale of the problem is large
compared to the correlation scale of the hydraulic
conductivity.
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